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Abstract
2D position error in the Global Positioning System (GPS) depends on the Horizontal Dilution of Precision (HDOP)
and User Equivalent Range Error (UERE). The non-dimensional HDOP coefficient, determining the influence of
satellite distribution on the positioning accuracy, may be calculated exactly for a given moment in time. However,
the UERE value is a magnitude variable in time, especially due to errors in radio propagation (ionosphere and
troposphere effects) and it cannot be precisely predicted. The variability of the UERE causes the actual
measurements (despite an exact theoretical mathematical correlation between HDOP value and position error) to
indicate that position errors differ for the same HDOP value.
The aim of this article is to determine the relation between GPS position error and HDOP value. It is possible only
statistically, based on an analysis of an exceptionally large measurement sample. To this end, measurement results
of a 10-day GPS measurement campaign (900’000 fixes) have been used. For HDOP values (in the range of 0.61.8), position errors were recorded and analysed to determine the statistical distribution of GPS position errors
corresponding to various HDOP values.
The experimental study and statistical analyses showed that the most common HDOP values in the GPS system
are magnitudes of: 0.7 (p = 0.353) and 0.8 (p = 0.432). Only 2.77% of fixes indicated an HDOP value larger than
1. Moreover, 95% of measurements featured a geometric coefficient of 0.973 - this is why it may be assumed that
in optimal conditions (without local terrain obstacles), the GPS system is capable of providing values of HDOP ≤
1, with a probability greater than 95% (2σ). Obtaining a low HDOP value, which results to a low GPS position
error value, calls for providing a high mean number of satellites (12 or more) and low variability in their number.
Keywords: Global Positioning System (GPS), Horizontal Dilution of Precision (HDOP), position error.
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1. Introduction
The Global Positioning System (GPS) is currently the major positioning system used
globally for purposes of determining location. All types of air [1-3], land [4-6] and marine [79] navigation and transportation applications. Moreover, this system is also used in many other
applications, e.g., diagnostic [10, 11] and engineering [12, 13] measurements, scientific studies
on the Earth and the environment [14, 15], as well as is an important element of time signal
transmission systems [16, 17]. A special group of GPS users is constituted by individuals using
personal navigation, which may be described as general purpose social navigation but
connected with its non-professional applications, based on automotive location systems [18,
19] and mobile network [20, 21]. Both of these areas of GPS use, considering the number of
users, are dominant today among all users of GPS navigation.
The main factor influencing the wide application possibilities of GPS is its high precision of
determining location, which has increased over a few last decades. Data on GPS precision for
determining position is regularly published by United States Department of Defense (U.S. DoD)
in the form of standards, as well as in other normative documents and, it is also researched by
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many scientists. In 1993, GPS accuracy was 100 m (p = 0.95) horizontally [22]. In 2001, it
increased to 13 m (p = 0.95) after turning off the Selective Availability (SA) [23]. Another
change in positioning accuracy occurred in 2008 when it was 9 m (p = 0.95) [24]. In the
following years, GPS accuracy kept changing and reached: 3.351 m in 2014 [25] and 1.891 m
in 2017 [26].
The GPS positioning accuracy is measured with its error, which depends on three major
types of measurement errors:
1. Errors caused by signal propagation, resulting from the ionospheric [27, 28] and tropospheric
[29-31] effects, as well as errors caused by multipath [32, 33].
2. Errors caused by space segment and connected with ephemeris errors, satellite clock errors,
as well as position errors stemming from the geometry of constellations [34, 35], represented
by Dilution of Precision (DOP) coefficients [36, 37].
3. Instrument errors of receivers, which currently influence the precision of position
determination to a limited extent [38, 39].
The relationship between the GPS position error and the indicated errors is based on the
following relation [40]:

M =   DOP

(1)

where:
M – average position error [m],
σ – measurement error of the navigation parameter (pseudorange) [m],
DOP – geometric coefficient of the system's accuracy, depending on the spatial distribution of
Global Navigation Satellite System (GNSS) satellites used in relation to the user [–].
It should be noted that the first section of the right-hand side of the equation (UERE) is the
sum of errors in group 1 and errors of the space segment in group 2. Nevertheless, despite many
publications and studies, its nature is complex and depends on numerous factors (among others,
ionosphere and troposphere effects). Modelling distance measurement errors in the GPS system
has been presented in many publications. A model for GPS measurements (pseudorange) based
on time series statistic was presented in [41]. Statistical modeling is being applied to the
pseudorange in order to estimate the true satellite-user ranges, and therefore to reduce errors
and to obtain information that allows service integrity monitoring was proposed in [42]. In [43]
authors proposed improvements in accurate GPS positioning using time series analysis.
Regarding the current paper, of high importance is the study carried out in [44]. In this
article, Belabbas et al. measured the Instantaneous PseudoRange Error (IPRE) as a sum of
contributions of the error sources. These contributions are computed as a difference between
estimated and reference values with oneyear observation data received in several locations
worldwide. The work highlights how considering a common and fixed standard deviation for
any pseudorange can be quite a restricting approximation. In papers of various authors,
especially [44, 45], it was shown that an analysis of the influence of HDOP coefficient on the
GPS position error, due to the UERE value being difficult to be precisely estimated, should be
carried out with statistical inference methods based on a long measurement session. Moreover,
it should be stressed that since GPS system satellites constitute a constellation of various models
built in different years, they feature varied technical characteristics, which significantly (and
differently) influence the UERE value with respect to different satellites.
However, the second section of the (1), being the DOP coefficient, is a non-dimensional
coefficient describing the influence of satellite distribution against a receiver. It is determined
in parallel with the position, as per known and widely used algorithms. It is also relatively
simple to be modelled with the application of universally available and commonly used
software for planning measurements [46-48], which, in turn, are widely used in geodesy and
for precision measurements. Depending on the dimension of the measured position and time,
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the DOP coefficients are divided into: GDOP (4D), PDOP (3D), HDOP(2D), VDOP (1D) and
TDOP (1D).
The discussed analyses indicate that despite the possibilities of precise determination of DOP
value at a given moment of measurement and planning of the DOP values for any given moment
of measurements, it is not currently possible to precisely determine at a given moment the
average position error (M) due to the high number of unknown error components influencing
the UERE value. Therefore, when planning GPS measurements to secure the highest possible
positioning precision, only the value of the DOP coefficient is minimised through minimisation
of the A matrix, the so-called DOP matrix, following the relation of [49, 50]:





  1 
−1
2

min trace ( A ) = min trace ( G T  G )  = min   2   ( g i' , j ) 
(2)


  G  i , j

This is determined based on a position line gradient matrix G (also called the matrix of
coefficients or geometric matrix) [49, 50]:
A = ( GT  G )

−1

(3)

where:
gi', j – are elements of the matrix G-1, provided G exists. From the presented relationship, it
follows that it is possible to minimise the geometric coefficient by maximising determinant of
the matrix G.
Another scalar-diagnostic used in the GPS system is the Ambiguity Dilution of Precision
(ADOP), i.e. a predictor for carrier-phase ambiguity resolution performance [51]. However,
that although the PDOP works well for code-based positioning, one has to exercise great care
in using the PDOP for Real-Time Kinematic (RTK) positioning. The use the ADOP, which is
applicable to every GPS model that ambiguities appear [52, 53].
As it has been shown, there is no firm relationship between the DOP value and the GPS
position error. For this reason, it is only possible to determine this relation in an experimental
and measurement method. In connection with the above, this paper aimed to:
1. Conduct a long (10 days, with a frequency of 1 Hz) measurement session, using a typical
(code) GPS receiver. For the analyses, 900’000 fixes were executed.
2. Perform statistical analyses, making it possible to determine the average position error (M)
with various HDOP values.
3. Determine which HDOP values occur the most often, which GPS position error distributions
correspond to them (for a constant HDOP value) and the relation of this coefficient with the
number of satellites.
It must be stressed that 900’000 fixes executed with the GPS system may be considered to be a
representative sample for the study, which is research on statistical distributions of position
errors. Previous analyses [54] showed that due to the GPS Position Random Walk (PRW), a
sample consisting of approx. 78’000 measurements ensures statistics whose position error
provides results similar to actual results obtained for a sample of approx. 1 million fixes.
The paper is divided into five parts. In subsection 2.1, the relations are described between the
GPS position error and its components and HDOP values. Subsection 2.2 contains a description
of the methodology of measurement execution and information on surveys, their registration,
data processing and the results analysis methods. Section 3 presents study results and
conclusions. In section 4, the results are cross-referenced with other publications. The paper
ends with final conclusions.
This is the fifth article in a series of monothematic publications “Research on empirical (actual)
statistical distributions of navigation system position errors” [54, 55-57]. The main scientific
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aim of this series is to answer the question of what statistical distributions follow the position
errors of navigation systems such as GPS, GLObal NAvigation Satellite System (GLONASS),
BeiDou Navigation Satellite System (BDS), Galileo, Differential Global Positioning System
(DGPS), European Geostationary Navigation Overlay Service (EGNOS) and others. It must be
emphasised that the purpose of both this paper and the whole series of publications is not to
analyse the causes of PRW, such as ionospheric and tropospheric effects, multipath, noise, etc.
This article rather analyses the statistical distributions of 1D and 2D position errors resulting
PRW. The causes might be very complex and probably deserve a separate series of publications.
2. Materials and Methods
2.1. Components of GPS Position Errors and DOP Value
The errors in group 1, as mentioned in the introduction, significantly influence the precision
of a pseudo-distance measurement, which is the distance between a receiver and a satellite
containing receiver clock errors that cannot be precisely scheduled before measurements due to
their spatial and temporal variability. The errors in group 2 are possible to be precisely modelled
with commonly available software in the range of DOP values, but the ephemeris errors are
connected, to a large extent, with the technical advancement of each satellite. The errors in
group 2 may be estimated and transmitted in a navigation message in the form of the User
Range Accuracy (URA) [58]. According to [59], the URA value is the standard deviation of the
User Range Error (URE). However, the URE is determined based on the following relationship
[60]:

URE =

( 0.98R − T )

2

+ 0.1412 ( AT 2 + CT 2 )

(4)

where:
R – satellite radial error [m],
T – satellite clock error [m],
AT – satellite along-track error [m],
CT – satellite cross-track error [m].
The GPS accuracy depends on the value of the selected DOP and the UERE, which includes
both the URE and the User Equipment Error (UEE). The typical URE values are around 0.5-1
m and they depend on the GPS satellite block. However, the typical UEE value for today’s
receivers is about 1.6 m (p = 0.95) [61]. Therefore the above-presented formula for accuracy of
position determination may be presented in the following form [40]:

M = UERE  DOP = URE 2 + UEE 2  DOP

(5)

DOP coefficients are a measure of geometric conditions for determining position. This is a
scalable value, describing the spatial distribution of objects against an observer. A detailed
description of DOP coefficients is available in [40].
The essence of the DOP coefficient influence on position error in the GPS system is
presented in Fig. 1. Two objects receive GPS signals, but a bus object features the possibility
of receiving them from various directions and heights, thus the determination of position
coordinates requires calculations based on position lines (position spheres, corresponding to
distance measurements) which intersect at relatively large angles of close to 90° (). On the
other hand, a train object, due to signal terrain obstacles, e.g. the surrounding buildings, features
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no possibility to receive signals from various directions, thus the position lines intersect at small
angles, spurring a high HDOP value that results in a large position error.
The process of calculating the DOP values for any given moment of measurements should
begin with determining the coordinates of GPS satellites and the receiver in the Earth-Centered,
Earth-Fixed (ECEF) coordinate system at the right moment in time, assuming that the satellite
motion is described by Kepler's laws. To this end, the following data for each satellite should
be obtained from the almanac files: mean anomaly at reference time, eccentricity, square root
of the semi-major axis, longitude of ascending node of orbit plane at weekly epoch, inclination
angle at reference time, argument of perigee, rate of right ascension and reference time
ephemeris [59].

Fig. 1. The essence of the DOP coefficient influence on position error in the GPS system.

The next step is the transformation of satellites' coordinates from the ECEF system to the
East, North, Up (ENU) system, determining their topocentric heights and omitting satellites
with a negative value or less than the set value, and for the remaining ones, determining the
azimuths measured from the receiver's position. Transformation matrix between ECEF-ENU
systems, taking a form of [62]:

 − sin ( L ) − sin ( B )  cos ( L ) cos ( B )  cos ( L ) 


F =  cos ( L ) − sin ( B )  sin ( L ) cos ( B )  sin ( L ) 
 0

cos ( B )
sin ( B )

(6)

where:
B, L – receiver’s coordinates [rad],
which enables the calculation of satellite coordinates in the ENU system [62]:

 X ENU 
Y

T
 ENU  = F
 Z ENU 

XS − XR 
  YS − YR 
 Z S − Z R 

where:
XENU, YENU, ZENU – satellite coordinates in the ENU system [m],
XS, YS, ZS – satellite coordinates in the ECEF system [m],

(7)
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XR, YR, ZR – receiver coordinates in the ECEF system [m],
thus allowing to determine on their basis the elevation (topocentric height) of the satellite [61]:


Z ENU
El = arctan 
 X 2 +Y 2
ENU
ENU







(8)

and its azimuth [61]:


 X

 arctan  ENU  for X ENU  0  YENU  0

 YENU 

  + arctan  YENU  for X


ENU  0  YENU  0
2

 X ENU 
Az = 
 X ENU 

 for X ENU  0  YENU  0
  + arctan  Y
ENU 


 3


 + arctan  YENU  for X ENU  0  YENU  0
 X

 2
 ENU 

(9)

And then, with the application of the line-of-sight matrix G [61]:
 cos( El1 )  sin( Az1 ) cos( El1 )  cos( Az1 ) sin( El1 ) 1
 cos( El )  sin( Az ) cos( El )  cos( Az ) sin( El ) 1
2
2
2
2
2

G=




cos( Eln )  sin( Azn ) cos( Eln )  cos( Azn ) sin( Eln ) 1

(10)

where indexes 1-n mean values for the next satellites, and a covariance matrix [61]:

 Axx
A
−1
yx
T
A = (G  G ) = 
 Azx

 Atx

Axy

Axz

Ayy

Ayz

Azy

Azz

Aty

Atz

Axt 
Ayt 
Azt 

Att 

(11)

DOP coefficients may be calculated [61]:
GDOP =

PDOP =

Axx + Ayy + Azz + Att

(12)

Axx + Ayy + Azz

(13)

HDOP =

Axx + Ayy

(14)

VDOP =

Azz

(15)

TDOP =

Att

(16)

2.2. Data Processing
In the study, a typical (code) GPS receiver (Garmin GPS 19x HVS) was used, which worked
in GPS mode, with a minimum topocentric height amounting to 10°. The possibility of
receiving satellite signals from other GNSS systems (GLONASS, Galileo and Quasi-Zenith
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Satellite System (QZSS)) was disconnected. Earlier studies conducted on the representativeness
of the GPS measurement session [54] showed that a measurement session of such a length is
enough for a proper inference with respect to the precision characteristics of this system.
In the study, a typical (code) GPS receiver (Garmin GPS 19x HVS) was used, which worked
in GPS mode, with a minimum topocentric height amounting to 10°. The selection of the
receiver was intentional as it is a typical device and is widely used in navigation. The
measurement was performed at coordinates: φ = 54°29.973491’ N, λ = 18°26.093580′ E
(Gdynia, Poland) with a frequency of 1 Hz. The measurement results were transmitted through
a serial port to a computer and stored there. In this way, a text file saved in the National Marine
Electronics Association (NMEA) standard was obtained.
The results were processed in the following phases:
1. The verification of the correctness of saved measurement data, connected with the possibility
of error occurrence in binary transmission between a computer and a receiver, resulting in
errors in data. To this end, the authors’ own software was used, which verifies the checksum
for NMEA messages. GGA sentences that did not fulfil the requirement were removed.
2. The coordinates of  and  were transformed (Gauss-Krüger transformation) to plane
coordinates (x, y), expressed in metres, in line with mathematical relationships described in
[63]. The transformation was executed using the Mathcad software and the authors’ own
worksheets.
3. Generation of separate text files, which contained the same values of the HDOP coefficient.
As a result, 12 text files were created, corresponding to HDOP values of: 0.6, 0.7, 0.8, 0.9,
1.0, 1.1, 1.2, 1.3, 1.4, 1.6, 1.7 and 1.8. The file for HDOP = 1.5 value was not created, as no
measurement was recorded with this value.
4. Execution of statistical analysis of GPS position errors, separately for each of the 12 files.
Arithmetic mean of geographic latitudes and longitudes, calculated for the entire sample,
were assumed to be standard position. In Fig. 2, exemplary 2D position error distributions
corresponding to HDOP values of: 0.6, 0.7, 0.8 and 0.9 are presented. The analyses were
conducted using Mathcad software.
5. The final stage of the study were statistical analyses of 2D position error distributions in
GPS system measurements which were executed in the EasyFit software using the Mathcad
software. To compare the statistical position error distributions, corresponding to various
HDOP values (in the range of 0.6-1.0), the beta distribution was used. The study results [54,
56] showed that this distribution approximates the histograms of position errors of various
systems very well, such as DGPS, GPS and EGNOS, while showing a high level of fitting.
Position error distributions corresponding with various HDOP values will be approximated
with the Probability Density Function (PDF) of the beta distribution, following this relation
[64]:

( x − a ) (b − x )
1
f ( x) =
 + −1
B ( 1 ,  2 )
(b − a ) 1 2
1 −1

1

 2 −1

B (1 ,  2 ) =  t 1 −t (1 − t )
0

where:
α1 – continuous shape parameter (α1 > 0),
α2 – continuous shape parameter (α2 > 0),
a, b – continuous boundary parameters (a < b),
B(α1,α2) – beta function.

 2 −t

dt

(17)

(18)
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a)

b)

c)

d)

Fig. 2. Exemplary 2D position error distributions corresponding to HDOP values of: 0.6 (a), 0.7 (b), 0.8 (c) and
0.9 (d).

3. Results
The first phase of statistical analyses of HDOP value variability was to determine the
descriptive statistics for this variable. To that purpose, statistical measure values were
determined for all performed fixes. Based on this, it will be further possible to analyse 2D
position errors for each HDOP value separately. For the purpose of analyses, only those
measures (arithmetic mean, kurtosis, quantiles, range, skewness, standard deviation and
variance) were selected for which values are tightly related with 2D position error. The
substantiation and significance of these measures in a statistical analysis of position error
distributions have been described previously [54, 56] and will not be discussed in this paper. In
Table 1, descriptive statistics are presented for the entire population of the measured positions
(900’000 fixes) along with two charts: Cumulative Distribution Function (CDF) and PDF.
Table 1 shows the following general conclusions:
• HDOP value distribution is a right-skewed (asymmetrical) with a mean HDOP value
amounting to 0.781, with a relatively low standard deviation of 0.113. HDOP value kurtosis
is leptokurtic (Kurt > 0), which means that it is more concentrated around the mean value
than the normal distribution would suggest.
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• The most common HDOP values are 0.7 and 0.8, considerably influencing the statistics of
all HDOP values.
• The mean HDOP value is relatively low, which is connected with, above all, the optimal
conditions for executing measurements, there were no terrain obstacles.
• It must be stressed that 95% of fixes featured a geometric coefficient lower than or equalling
1. It may be assumed that in optimal conditions (without local terrain obstacles), the GPS
system is capable of providing values of HDOP ≤ 1, with a probability greater than 95%
(2σ).
The bottom section of Table 1 features percentile statistics for the entire population, which
are used (discussed) in a subsequent part of the paper - with statistical analysis performed for
each HDOP value separately.
Table 1. HDOP value statistical measures in GPS measurements (900’000 fixes).
Descriptive statistic
Sample size
Arithmetic mean
Range
Variance
Standard deviation
Skewness
Kurtosis
Min. percentile
5th percentile
10th percentile
25th percentile (Q1)
50th percentile (Median)
75th percentile (Q3)
90th percentile
95th percentile
Max percentile

HDOP value
900’000
0.781
1.2
0.013
0.113
2.147
10.876
0.6
0.6
0.7
0.7
0.8
0.8
0.9
1
1.8

Function

Subsequently, the analysis of the availability of a given HDOP value in the function of time
was performed. Thus, it required a measurement method to determine the percentage of time in
which the individual value of this coefficient occurred. In Fig. 3a, the percentage distribution
of HDOP values (in the range of 0.6-1.8) is presented. At the same time, in Fig. 3b, the sample
size is presented for sets of individual coefficients (sets with the same value of HDOP
coefficient).
a)

b)

Fig. 3. Availability (a) and sample size (b) of individual HDOP values (in the range of 0.6-1.8).
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a)

b)

c)

d)

e)

f)
g)

Fig. 4. The number of satellites ensuring constant value of the HDOP coefficient [for the value of: 0.6 (a), 0.7
(b), 0.8 (c), 0.9 (d) and 1.0 (e)]. Additionally, the charts have been supplemented by non-representative (due to
small population size) results for HDOP = 1.3 (f) and HDOP = 1.6 (g).

Charts presented in Fig. 3 prove that:
• The most common HDOP values are 0.7 and 0.8. In total, they occur 78.52% of the time.
• The occurrence probability of HDOP values exceeding 1 amounts to merely 2.77% and this
needs to be considered to be very low.
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Large measurement numbers (Fig. 3b), corresponding to values of HDOP = 0.7 and HDOP
= 0.8 and amounting to 317’743 and 389’007 fixes, respectively, as well as the large size of
sets (for HDOP values in the range of 0.6-1.0) justify the execution of further analyses and
inference regarding 2D position errors, especially for these values. The size of the remaining
sets (for HDOP values in the range of 1.1-1.8) is relatively low. Owing to this, any inference
regarding these statistics should be considered unrepresentative.
A feature of GNSS systems is the change of satellite position against a receiver located on
the Earth. Its result is the number of satellites, variable in time, used for determining position.
It causes a constant change of HDOP values for a GPS receiver and, thus, a change in its
position error. To simplify the matter, it may be assumed that when more satellites are used for
determining position, the position error should be smaller (in a statistical approach). Of course,
their position in relation to a receiver also plays an important role. It may be concluded that a
large number of satellites greatly increases the occurrence probability of their favourable
distribution against the user's receiver, resulting in a small position error. For this reason, in the
next phase of the research, i.e. HDOP statistical analysis, the number of satellites should be the
subject of a study corresponding to the given HDOP values. However, there are two more
factors which still need to be determined: the mean number of satellites for each of the
considered HDOP values (in the range of 0.6-1.0) and the variability of the number of satellites
(from a statistical point of view).
To address these issues, separate sets were created by sorting the results corresponding to
HDOP values amounting to: 0.6, 0.7, 0.8, 0.9 and 1.0, due to their representativeness secured
by a large number of fixes. To provide for scientific reliability, analyses for the example nonrepresentative HDOP values of 1.3 and 1.6 will be presented. However, the small number of
measurements for both of these values is insufficient for making generalised conclusions.
The charts presented in Fig. 4 feature important differentiation of statistical measure values,
which are shown in Table 2.
Table 2. Statistical measures regarding the sets of GPS satellite numbers, featuring identical HDOP value.
Descriptive statistic
Sample size
Availability
Arithmetic mean
Range
Variance
Standard deviation
Skewness
Kurtosis
Min. percentile
5th percentile
10th percentile
25th percentile (Q1)
50th percentile (Median)
75th percentile (Q3)
90th percentile
95th percentile
Max percentile

HDOP = 0.6
51’215
5.69%
14.085
4
0.577
0.76
0.454
0.368
12
13
13
14
14
14
15
15
16

Number of satellites
HDOP = 0.7 HDOP = 0.8 HDOP = 0.9
317’743
389’007
84’937
35.30%
43.22%
9.44%
12.506
11.336
10.149
5
6
6
1.129
1.082
1.364
1.063
1.04
1.168
-0.155
0.112
0.115
-1.025
-0.617
0.004
9
8
7
11
10
9
11
10
9
12
11
9
13
11
10
13
12
10
14
13
12
14
13
13
14
14
13

HDOP = 1.0
32’221
3.58%
8.749
6
0.975
0.987
0.444
-1.379
6
8
8
8
8
10
10
10
12
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Results presented in Fig. 4 and Table 2 lead to the following conclusions:
• The highest value of HDOP = 0.6 was provided by a GPS constellation consisting of 12, 13,
14, 15 and 16 satellites, of which the value of 14 is predominant. The mean number of
satellites was high (14.085), with a relatively small standard deviation of 0.76, which must
be emphasised.
HDOP value distribution is a right-skewed (weak asymmetrical) and the
skewness is leptokurtic (Kurt > 0).
• To obtain a coefficient value of HDOP = 0.7 (p = 0.353), 9, 10, 11, 12, 13 and 14 satellites
were used. The most common was the use of 13 satellites. The mean number of satellites
amounted to 12.506, with a standard deviation of 1.063. This is a value almost one and a
half times as high as in the case of HDOP = 0.6. HDOP value distribution is a left-skewed
(very weak asymmetrical) and the skewness is platykurtic (Kurt < 0).
• The most commonly occurring value of HDOP = 0.8 (p = 0.432) was ensured with the use
of 8, 9, 10, 11, 12, 13 and 14 satellites. The most common was the use of 11 satellites. The
mean number of satellites amounted to 11.336, with a standard deviation of 1.04 - similar to
that of HDOP = 0.7. HDOP value distribution is a right-skewed (very weak asymmetrical)
and the skewness is platykurtic (Kurt < 0).
• For the remaining HDOP values of 0.9 and 1.0, an evident decrease in the mean number of
satellites is visible, amounting to 10.149 satellites and 8.749 satellites, respectively. HDOP
value distributions are right-skewed (weak asymmetrical) and their skewness is leptokurtic
(HDOP = 0.9) or platykurtic (HDOP = 1.0).
Another element of the study was the evaluation of positioning precision, corresponding
with given HDOP values. The first phase in the search of relationships between HDOP values
and position error was the evaluation of GPS position errors over the entire measurement
session (900’000 fixes) (Table 3).
Table 3. GPS position error statistics, determined for the entire measurement session (900’000 fixes).
Descriptive
statistic

2D
position
error

Sample size

900’000

Arithmetic mean

0.875 m

Range

0.802 m

Variance

5.993 m

Standard
deviation

2.448 m

R95

2.393 m

PDF for 2D position error

2D position error distribution

The results presented in Table 3 are typical for GPS system, which is evidenced by R95, i.e.
radius of sphere centred at the true position, containing the position estimate with probability
of 95%, amounting to 2.393 m. The results are the basis for subsequent analyses of positioning
precision, regarding individual HDOP values separately.
Following the presented procedure (and described in subsection 2.2) a statistical analysis of
GPS position error values was conducted for sets containing the same HDOP value. In Table 4,
cumulative results are presented for the determination of positioning precision, as provided for
with individual, variable HDOP values (in the range of 0.6-1.0). The most important measure
is R95, defined for the set of measurements featuring identical HDOP values.
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Table 4. Statistical analyses of GPS position error sets for a given HDOP value (in the range of 0.6-1.0).
Descriptive statistic
Sample size
Availability
Arithmetic mean
Range
Variance
Standard deviation
R95

HDOP = 0.6
51’215
5.69%
0.988 m
3.902 m
0.322 m
0.568 m
2.048 m

HDOP = 0.7
317’743
35.30%
1.16 m
6.582 m
0.41 m
0.641 m
2.31 m

2D position error
HDOP = 0.8 HDOP = 0.9
389’007
84’937
43.22%
9.44%
1.151 m
1.168 m
6.582 m
4.109 m
0.439 m
0.456 m
0.663 m
0.675 m
2.373 m
2.493 m

HDOP = 1.0
32’221
3.58%
1.353 m
6.102 m
0.673 m
0.82 m
2.889 m

Owing to a considerable number of fixes, Table 4 includes only data that may be considered
statistically representative, the same is not the case for data presented in Table 5, which refer
to HDOP values in the range of 1.1-1.8. It can be seen that the position error for HDOP value
between 0.6 and 1.0 increases, which is an expected phenomenon. However, in the case of data
in Table 5, it is visible that the value of R95 measure is decreasing, which is irrational. It seems
that a number of fixes is by far insufficient for statistical inference, and the PRW [54] occurring
in GPS system additionally favours a low error value for small measurement samples.
Table 5. Statistical analyses of GPS position error sets for a given HDOP value (in the range of 1.1-1.8).
Descriptive
statistic
Sample size
Availability
Arithmetic mean
Range
Variance
Standard deviation
R95

HDOP =
1.1
14’270
1.59%
1.082 m
4.38 m
0.398 m
0.631m
2.208 m

HDOP =
1.2
6938
0.77%
1.18 m
4.393 m
0.46 m
0.678 m
2.438 m

2D position error
HDOP =
HDOP =
HDOP =
1.3
1.4
1.6
1066
60
1743
0.12%
0.01%
0.19%
1.561 m
0.796 m
1.305 m
3.545 m
1.001 m
4.416 m
0.602 m
0.069 m
0.568 m
0.776 m
0.263 m
0.754 m
3.095 m
1.284 m
2.71 m

HDOP =
1.7
579
0.06%
1.356 m
3.216 m
0.582 m
0.763 m
2.631 m

HDOP =
1.8
221
0.02%
1.54 m
2.302 m
0.424 m
0.651 m
2.483 m

4. Discussion
The study discussed in this paper was conducted in optimal conditions for tracking GPS
signals as there were no terrain obstacles around the receiver. That is why a very high number
of fixes featured a low HDOP (with values of 0.7 and 0.8) in the researched sample of 900’000
measurements. More precisely, the low value of this coefficient and the large number of fixes
featuring low HDOP value resulted in the value of the R95 measure for the entire campaign
reaching the value of 2.393 m, which should be considered low. Moreover, it is interesting that
only 2.77% of measurements feature values of HDOP > 1, which means that if they are free of
coarse and outstanding errors, they do not influence the value of the R95 measure for the entire
population in any considerable way.
In typical GPS usage conditions in land navigation (car navigation systems, geodesy,
smartphones, etc.), where terrain obstacles are practically permanently present, obtaining such
a high precision would not be possible. Thus, it should not be expected to obtain similar results
in practical use with this type of navigation. However, with air and marine navigation, where
there are practically no obstacles to GPS signals, one may expect similar results in practical
applications.
In Fig. 5, GPS position error values are correlated with corresponding HDOP values. For
each HDOP value, a separate function was drawn for the position error PDF, which featured
constant values of HDOP (in the range of 0.6-1.0). PDFs were drawn based on approximation
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of GPS position errors with the probability density function of the beta distribution, which
features very good fitting with navigation positioning system errors due to its highly universal
characteristics [56]. Fig. 5 was supplemented with R95 values, determined separately for each
set of position errors, defined for constant values of HDOP.
To spot regularities in Fig. 5, it is justifiable to compare extreme figures, i.e. for HDOP =
0.6 and HDOP = 1.0. The position error value calculated for a sample featuring HDOP = 0.6 is
2.048 m, which means it amounts to 85.58% of the R95 value out of the entire measurement
population and it is almost 1 metre smaller than the R95 measure determined for the HDOP =
1.0 set. It should be stressed that the condition for maintaining a low HDOP value is the need
to provide for a large number of satellites (mean of 14.085) with a very small standard deviation
of 0.76 for HDOP = 0.6. Moreover, the range of this set was 4 satellites. However, in the case
of the HDOP = 1.0 value, one may notice a lower mean number of satellites (8.749) with a
higher standard deviation and range increase from 4 (HDOP = 0.6) to 6 (HDOP = 1.0). These
differences conditioned a situation in which the R95 measure for measurements featuring the
value of HDOP = 1.0 may exceed by 50 cm the R95 value, calculated for the entire population.

Fig. 5. GPS position error PDFs, determined separately for HDOP values (in the range of 0.6-1.0), together with
R95 measures, calculated separately for measurements with constant HDOP value.

5. Conclusions
This paper analysed the statistical evaluation of the influence of HDOP value on 2D position
error in the GPS system, represented by R95 measure. The main factors influencing the position
error in the GPS system are values of HDOP and UERE. The variability of the UERE causes
the actual measurements (despite an exact theoretical mathematical correlation between HDOP
value and 2D position error) to indicate that 2D position errors differ for the same HDOP value.
Although it is currently impossible to model the UERE value precisely, an evaluation of DOP
influence on the position error in the GPS system may be carried out based on an experimental
and measurement approach.
The experimental study and statistical analyses showed that the most common HDOP values
in the GPS system are magnitudes of: 0.7 (p = 0.353) and 0.8 (p = 0.432). Only 2.77% of fixes
indicated an HDOP value larger than 1. Moreover, 95% of measurements featured a geometric
coefficient of 0.973 - this is why it may be assumed that in optimal conditions (without local
terrain obstacles), the GPS system is capable of providing values of HDOP ≤ 1, with a
probability greater than 95% (2σ). Obtaining a low HDOP value, which results to a low GPS
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position error value, calls for providing a high mean number of satellites (12 or more) and low
variability in their number.
The study has shown that the method widely used in navigation for determining 2D position
error value based on multiplication of the HDOP value (by mean UERE value) may only be
considered an approximate estimation accuracy.
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